Computing equilibrium points of genetic regulatory networks is a problem of primary importance for numerous investigations in these systems. This paper addresses this problem for differential equation models, with the regulation function expressed in a general form which includes both SUM form and PROD form for saturation functions of any type. Specifically, a recursive algorithm is proposed, which provides at each recursion a region guaranteed to contain all equilibrium points. This region progressively shrinks, and asymptotically converges to the sought set of equilibrium points. Moreover, the proposed algorithm can also allow one to delimit and find limit cycles. Some numerical examples are reported to illustrate and validate the proposed algorithm, including examples where standard mathematical tools fail to compute the sought equilibrium points.
Introduction
Genetic regulatory networks explain the interactions between genes and proteins to form complex systems that perform complicated biological functions, see for instance [1, 2, 3, 4, 5, 6, 7, 8] . Basically, there are two types of genetic regulatory network models, i.e., the Boolean model (or discrete model) and the differential equation model (or continuous model). In Boolean models, the activity of each gene is expressed in one of two states, ON or OFF, and the state of a gene is expressed by a Boolean function of the states of other related genes. In the differential equation models, the variables describe the concentrations of gene products, such as mRNAs and proteins, as continuous values of the gene regulation systems. See for example [9, 10, 11, 12, 13] and references therein for a wider categorization of genetic regulatory networks models.
This paper focuses on genetic regulatory networks described through differential equation models. In these models the dynamics of each concentration is expressed by a function of all concentrations of the system. This function typically consists of two parts: a linear part which defines the natural decay rate of the concentration itself, and a nonlinear part which defines the influence by all the other concentrations. The nonlinear part can be either described via sum of saturation functions (in this case the system is said to be in SUM form) or via product of saturation functions (in this case the system is said to be in PROD form). See for instance [14, 15, 16, 17] .
A fundamental problem in these networks consists of determining the equilibrium points, i.e. the amounts of concentrations for which the regulation process results complete. This is a necessary step for several investigations, such as steady-state, stability, disturbance rejection, etc. Unfortunately, to determine equilibrium points of genetic regulatory networks is a difficult problem because these systems contain saturation functions, and hence the calculation of the equilibrium points amounts to solving a system of nonlinear equations. Indeed, there do not exist techniques able to guarantee to find all solutions of such a system, except in the case of polynomial equations, which however can be addressed only for small degrees and small number of variables, see for instance [18, 19, 20, 21] and references therein.
In this paper we address the problem of computing equilibrium points of genetic regulatory networks described through differential equation models. We consider a general model which includes both SUM form and PROD form for saturation functions of any type. The contribution consists of a recursive algorithm which holds the following properties. First, at each recursion the algorithm provides a region containing all equilibrium points, i.e. no equilibrium is lost. Second, this region progressively shrinks, i.e. the conservatism does not increase. Third, this region asymptotically converges to the set of equilibrium points, i.e. all equilibrium points are found. The proposed algorithm is illustrated and validated through some numerical examples with synthetic and real genetic regulatory networks. In these examples it is also shown that standard mathematical tools for solving systems of nonlinear equations may fail to compute the sought equilibrium points. Moreover, in these examples it is also explained that the proposed algorithm can be useful to delimit and find limit cycles.
The paper is organized as follows. Section 2 introduces some preliminaries on genetic regulatory networks. Section 3 describes the proposed results. Section 4 presents some numerical examples. Finally, Section 5 reports some concluding remarks.
Preliminaries
First of all, let us introduce the notation used throughout the paper: -R + : positive real number set, i.e. {x ∈ R : x ≥ 0}; -0 n : null vector of size n × 1; -I n : identity matrix of size n × n; -e i : i-th column of I n ; -diag(x 1 , . . . , x n ): diagonal matrix with x i at the (i, i) entry; -X T : transpose of vector/matrix X; -TF: transcription factor.
